time-varying force coefficients and then used the first or first few expansion coefficients in the characteristic equation to compute the stability limit. For the high-speed cases they studied, this method achieves good results with only the first ͑average͒ Fourier term; nevertheless, this is an approximate solution.
The work presented here builds on Chen and Wang's ͓10͔ rotating-tool analysis by extending it in the following ways:
• A lumped parameter structural model is directly derived, whereas Chen and Wang employed a discretized distributed parameter model.
• Experimental results are provided to support some of the analytical findings, whereas Chen and Wang showed only analytical results.
• The focus of this work is to compare rotating-tool boring, which includes Coriolis and centripetal effects, to stationary-bar boring, whereas Chen and Wang focused on developing an analysis for rotating-bar boring only.
Modeling
The modeling presented here is facilitated by the following assumptions:
1 The tool is much more flexible compared to the machine body and the workpiece allowing the tool to be considered as the dominant compliant component. Thus, the tool vibration alone dictates the relative tool-work displacement.
2 There is only one dominant vibration mode in each of the two principal axes of the tool. However, if more than one mode must be considered for further accuracy, the analytical procedures developed here can be easily extended for such a case.
3 A single tooth is considered. For a case with multiple teeth, the rotating-frame approach presented here may be extended by applying to each tooth the time-invariant rotational transformation that projects the forces on a tooth into the two rotating coordinates.
These assumptions are all consistent with the line boring process, which is used here as an illustrative example. On the other hand, when the dynamics is associated with the nonrotating elements of the systems-the machine and/or workpiece-the approximate solution like that of Altintas and Budak ͓15͔ should be used.
The general problem at hand is the same as that which many others have considered, and is illustrated as a block diagram in Fig. 2 . The resultant machining force, F, is modeled to be proportional to the uncut chip thickness, s t , and opposite the direction of positive tool displacements. The uncut chip thickness is modulated about its nominal value s 0 by the current and delayed tool displacements q(t) and q(tϪT), where T is the spindle period. The constant of proportionality, K C , is often called the cutting stiffness and the delayed term is typically scaled by an ''overlap factor'' . Given that the structural response is represented by the transfer function G(s), the system's characteristic equation is 1ϩK C G͑s ͒͑ 1Ϫe
ϪTs ͒ϭ0
The stability problem is to determine the limiting cutting stiffness, K C,lim , via the solution of Eq. ͑1͒ for a sustained response to a disturbance from equilibrium. Models of the two main aspects of the problem, the structure and the machining process, are now developed.
Process Force Model.
It has been observed by many that the process force is well modeled as proportional to the uncut chip area a ͓16͔. Thus, the tangential and radial forces can be expressed as
where k t and k r are the tangential and radial force coefficients. The negative signs indicate that each force acts opposite its respective positive tool displacement. Since the axial dynamics are assumed to be negligible in this problem, as compared to the radial/tangential directions, the longitudinal ͑feed͒ force F l is not of importance. The general form of a in terms of the radial tool-tip displacement q r is
where the overlap factor scales the effect of q r (tϪT) on the uncut chip area. The coefficient k a and the overlap factor would be functions of the nominal feed rate f, depth of cut d, lead angle r , and insert corner radius ͓17͔. However, since the focus at this point is on rotational effects, the force model is simplified by assuming a zero corner radius on the tool and letting the overlap factor be constant ͑unity here͒, as did Jensen and Shin ͓18͔ in their study of face milling with depth-direction dynamics. In this case, then, k a ϭd tan r and s 0 ϭ f cot r . To further focus on rotational effects, k t and k r are assumed constant with respect to the state variables, i.e., uncut chip thickness, resulting in a linear force model.
To relate the force model to Eq. ͑1͒, it may be represented in terms of the resultant force F and its direction ␤. From Eqs. ͑2͒ and ͑3͒
FϭϪͱk r
and
where K C ϭͱK r 2 ϩK t 2 is called the dynamic cutting stiffness, and K r ϭk r •k a (ϭK C cos ␤) and K t ϭk t •k a (ϭK C sin ␤) are the radial and tangential cutting stiffnesses, respectively. Substituting Eqs. ͑4͒ and ͑5͒ into Eq. ͑1͒, along with the structural response model discussed next, the characteristic equation may be solved.
Boring-Bar Structural Model.
The boring bar is modeled as two-dimensional ͑2-D͒ with lumped-mass m, as shown in Fig. 3 . Displacements (q r ,q t ) are those of the tool tip in the radial (e r ) and tangential (e t ) directions, while displacements (q 1 ,q 2 ) and (x,y) are the modal displacements in the rotational and inertial frames, respectively. The force magnitudes F r and F t are, respectively, those of the radial and tangential force components acting on the tool ͑Eq. ͑2͒͒. The radial and tangential coordinates of the cutting process are oriented at a constant angle relative to the dynamic modes in the rotational coordinates. The stiffnesses k 1 and k 2 are those in the two principal axes, while c 1 and c 2 are Transactions of the ASME 
The off-diagonal terms of the damping matrix are the Coriolis forces. The second terms in the diagonal terms of the stiffness matrix are the centrifugal forces, while the off-diagonal terms of the stiffness matrix are the structural damping forces due to the changing directions of the positions relative to the rotating coordinates. In the inertial coordinates the equation of motion is In either case, to obtain the transfer function between q r and F, the radial displacement of the tool tip must be related to the other two displacements. Relative to the rotational coordinates,
and relative to the inertial coordinates,
The equation of motion for stationary-bar boring is obtained by setting s to zero in Eqs. ͑6͒ and ͑7͒. In Eq. ͑7͒ the "Ϯ⌬"
•cos 2 s t terms become " 1 and " 2 , " being c or k, and sin 2 s t becomes 0. Since q 1 and q 2 are then identical to x and y, respectively, the two results are identical, confirming that the stationarybar problem is independent of the coordinate frame considered.
As can be seen from Eq. ͑7͒, writing the equation of motion in the inertial coordinates results in the right-hand side being timevarying, and in the general case where c 1 c 2 and k 1 k 2 , the left-hand side is as well. On the contrary, Eq. ͑6͒ illustrates that there is no time variation in the equation of motion, though there is speed dependence on the left-hand side. As such, for this particular problem, representing the problem in the rotational coordinates removes the need for approximation of time variation via Fourier series expansion. By taking the Laplace transform of Eqs. ͑6͒ and ͑8͒, one can obtain the transfer function between q r and F as
where the subscript ''R'' on the mass, damping, and stiffness matrices indicates that they are relative to the rotational coordinates, that is, the corresponding matrices in Eq. ͑6͒.
Analytical Solution
As with all stability solutions, the solution here aims to compute the graph of limiting depth of cut, d lim , versus spindle speed-a stability diagram. Since a linear process-force model is used here, the limiting depth of cut is proportional to the limiting cutting stiffness K C,lim . Therefore, comparisons can be made in terms of either K C,lim or d lim , with K C,lim serving to normalize the result with respect to the force model coefficient (k r 2 ϩk t 2 ) 1/2 , leaving only ␤-dependence. The speed is related to the fractional chatter phase c , which is the fractional part of the phase delay between the current and previous tooth passes, through the relation
Here, c is the chatter frequency, t is the tooth frequency ͑equal to s for a single tooth cutter͒, N c is the lobe number, and T is the tooth/spindle period. The solution algorithm used in this paper extends a procedure presented by Endres ͓20͔ to calculate the limiting cutting stiffness according to a specific spindle speed, i.e., in the speed domain. It differs from the traditional method ͑in the chatter-frequency domain͒ in which a candidate chatter frequency is selected first and then used to calculate the corresponding stability limit and spindle speeds in the frequency domain ͓15,21͔. The speed-domain procedure presents two advantages in the problem at hand. First, since the stability problem is solved here in the rotating coordinates, the structural transfer function changes with the spindle speed ͑see Eq. ͑6͒͒. As a result, the traditional method cannot be applied without iteration with respect to spindle speed, which would not be known for its candidate chatter frequency. While the method presented by Endres also requires iteration, it occurs in the speed domain, not in the chatter-frequency domain, which tends to be more direct for this particular problem. The second advantage is that the stability problem becomes finding a value of chatter phase between 0 and 2 instead of searching for appropriate chatter frequencies between 0 and infinity.
Using either the geometric reasoning given the structural transfer function G( j) plotted in the complex plane, or the imaginary part of the characteristic equation set equal to zero, the chatter phase can be computed. Endres ͓20͔ studied a one-degree-offreedom ͑1-DOF͒ case in which he took advantage of those geometry properties, which are different in the 2-DOF case at hand, Therefore, letting RϭRe͓G(j c )͔, and IϭIm͓G(j c )͔, c is obtained by numerically solving one of the following two equations ͓19͔:
when G( j c ) is in quadrant II, where the ''Ϯ'' sign indicates two possible solutions. In doing so, c is replaced by the function of c in Eq. ͑11b͒. After finding c , the chatter frequency can be obtained from Eq. ͑11b͒. The limiting cutting stiffness is then obtained from the characteristic equation, Eq. ͑1͒, as ͓1͔
or,
There may be more than one solution for c , and each natural frequency needs to be checked for the solutions for c . The solution of interest is the one resulting in the smallest K C,lim . Li ͓19͔ showed that the rotational coordinate transformation does not affect the form of the stability solution, only the end result. That is, deriving the stability solution in the rotational coordinates gives the same solution form as for doing so in the inertial coordinates. Thus, Eqs. ͑13͒ or ͑14͒, formulated in the inertial coordinates for a stationary-tool problem, can also be used for stability analysis in the rotational coordinates. For rotationalbar boring, G( j) comes from Eq. ͑10͒ and can be written as
where Aϭms 2 ϩc 1 sϩk 1 Ϫm s 2 , Bϭms 2 ϩc 2 sϩk 2 Ϫm s 2 , C ϭ s (2msϩc 1 ), and Dϭ s (2msϩc 2 ). This equation shows that rotating-bar boring involves the coupling between radial and tangential dynamics, which does not exist in stationary-bar boring.
Discussion of Analytical Results
Results are presented here to study the primary effects of tool rotation on stability by comparing a boring process using a rotating boring bar to one using a stationary boring bar. Additionally, for the rotating-tool case, it is shown how approximate time averaging that is required to remove the time variation present in the fixed inertial frame can cause significant deviation from the exact solution that can be found in the rotational frame. The time averaging uses the mean term of the Fourier series expansion of the time varying coefficients, which is simply an application of the time-averaging approximation used by Altintas and Budak ͓15͔ to address the time variation seen in milling processes.
For illustration purposes the boring bar is considered to be symmetric having the same dynamic characteristics for its two principal axes: natural frequencies f 1 ϭ f 2 ϭ600 Hz, stiffnesses k 1 ϭk 2 ϭ20.1 kN/mm, and damping ratios 1 ϭ 2 ϭ0.01. Furthermore, is set to zero though its value is irrelevant for this case of symmetric dynamics. For the case with asymmetric structural dynamics in two principal axes, the interested reader may refer to Metzler et al. ͓22͔, who extended our previous work ͓23͔ to the drilling and reaming applications.
Focusing on the tangential ͑not lobed͒ stability borderline that is relevant at low to moderate speeds usually seen in single-tooth processes, the effect of rotation is compared in Table 1 as are the effects of the ratio of the tangential force ͑cutting stiffness͒ to the radial force ͑cutting stiffness͒, i.e., tan ␤. The effects of other factors ͑m, c 1 , c 2 , k 1 , k 2 , and ͒ could also be readily assessed given the analytical nature of the stability solution; such a study is not included here due to space limitations. The discussion below highlights the observed effects of force ratio, tan ␤, tool rotation, and approximation in the inertial coordinates as compared to the exact solution found in the rotating coordinates. Table  1 clearly shows the primary effect of the force ratio, tan ␤. First, a decrease in tan ␤, which indicates a larger radial cutting stiffness Opposite the stationary-bar case that shows a strong sensitivity to ␤, Table 1 shows that the rotating-bar case is quite insensitive to changes in ␤ at larger values of ␤, and becomes more sensitive to changes in ␤ only at smaller ͑uncommonly small͒ values of ␤. This sensitivity difference can be explained by noting that the rotation of the tool creates coupling in the structural dynamics between the tangential and radial directions. As a result, the net effect is an averaged effect of the cutting stiffnesses in both directions-referred to here as directional averaging. Referring to the equation of motion, after some manipulation, there is no simple scaling parameter as there is for the stationary-bar case ͑1/cos ␤͒.
Effect of Force Ratio. Comparing the columns of

Effect of Tool Rotation.
The effect of tool rotation is clear only with the exact solution, as shown in Fig. 5 where it is compared to the approximate ͑time-averaged͒ rotating-bar solution and the ͑exact͒ stationary-bar solution for two levels of ␤. For the rotating-bar case, the exact solution initially and abruptly decreases as the spindle speed increases from zero, and then increases very slowly with further increases in spindle speed. As the spindle speed approaches zero, the stability limit of rotational-bar boring approaches that of stationary-bar boring, as expected. The effect of rotation becomes large above a relatively low spindle speed or one-hundredth the natural frequency of the stationary bar ͑600 Hz͒. The abrupt drop of the stability limits at such low speeds for rotating-bar boring mainly comes from the Coriolis forces. One can see this point by obtaining the analytical solutions with the individual terms ͑i.e., Coriolis forces, centrifugal forces, and the off-diagonal terms of the stiffness matrix in Eq. ͑6͒͒ included separately. As speed increases, the exact solution converges to the approximate one.
Comparing the rotating-and stationary-bar results in Table 1 ͑i.e., except at very low speeds͒, when tan ␤Ͼ1 as is typical, the stability borderline for rotating-bar boring is lower than that for the stationary-bar case, with the difference reducing as tan ␤ decreases, i.e., as the radial cutting stiffness becomes larger relative to the tangential cutting stiffness. Another way to view this is that for stationary-bar boring, the stability limit decreases as tan ␤ decreases, as noted above, bringing it closer to the rotating-bar case. Figure 5 clearly shows that the exact solution in the rotational coordinates differs from the approximate one computed in the inertial coordinates. When deriving the solution in the inertial coordinates, due to the periodic coefficients on the right-hand side of the equations of motion, a Fourier series approximation of the periodic coefficients is required, like that used for milling by Altintas and Budak ͓15͔. The approximate solution shown in Fig. 5 employed only the zero-frequency ͑mean͒ term, as that was considered sufficient by Altintas and Budak ͓15͔. In fact, Altintas et al. ͓24͔ gave a compelling argument that the transfer function acts as a band passfilter and the multiple frequencies resulting from the higher Fourier series terms at c ϩk t , kϭ1,2, . . . , have a negligible effect. This is a good observation and is unquestionably valid when t becomes large ͑say greater than 0.5 c or 0.5 n ), as it does in the high-speed machining regime they were considering.
Effect of Time-Averaging Approximation.
The low speed discrepancy here indicates that higher Fourier components become very important at low and very low spindle speeds ͑relative to natural frequency͒, which is also supported by the band-pass filtering explanation. In other words, as t becomes small, c ϩk t can still lie in the frequency response peak ͑noting that 0.6 n Ͻ c Ͻ1.5 n , typically͒ for kу1. Though highspindle-speed machining is often the goal in process planning, when the work material is difficult to machine, in that it requires low surface speed to achieve acceptable tool wear rates, spindle speeds can become low ͑especially for larger diameter cutters, which also tend to have higher n ), causing t / c to become low. The hypothesis here is that, at these low speeds, multiple terms of the Fourier series expansion would apparently affect the result. We offer no mathematical proof that this is the cause of the low speed discrepancy, but rather offer this as a hypothesis, the correctness of which is highly probable.
Experimental Validation
Toward a fair comparison to experimental data, a more comprehensive process force model is introduced. It accounts for process nonlinearities, such as size effect, through nonlinear force coefficients, and the effect of tool corner radius on the chip area. Process damping, which becomes important at the low machining speeds considered here, is then introduced. The experimental setup and results are then presented to validate the analytical solutions. To maintain a focus on experimental validation, details of the enhanced process model are included as an Appendix.
A More Comprehensive Process Force Model
Modeling Process Nonlinearity.
The tangential and radial force can be expressed as a corresponding force coefficient times the uncut chip area. Unlike the model in sub-section 2.1, the force coefficients are nonlinear functions of the instantaneous cutting conditions, and therefore, the state variables. This nonlinearity accounts for the well-known size effect in metal cutting. The chip area, due to the strong radial ͑depth-direction͒ dynamics that exist for a boring bar, is significantly affected by the corner radius ͓25͔. Two analytical area expressions capture this effect, one each for depths smaller and larger than the transition from cutting on the corner radius alone to cutting on the lead edge as well. These expressions too are nonlinear functions of the state variables.
To solve the equations of motion, the nonlinear force model is linearized. The resulting force expression is linear with respect to state variables; however, its coefficients K C ͑cutting stiffness͒ and ␤ ͑force ratio͒ are nonlinear functions of the stability limit itself. Thus, an iterative algorithm is adopted to solve the stability problem. The details of that solution algorithm were presented by Li ͓19͔.
Effect of Process Nonlinearity.
To assess the importance of the process nonlinerites, prior to complicating the comparison to experimental data, the following case study is offered. The same boring-bar parameters as those in Section 4 are as- A comparison of the analytically derived stability lobes for boring with a stationary bar to those for boring with a rotating boring bar are shown in Fig. 6 . This figure shows that the limiting depth of cut for the rotational-bar case is still much lower than that for the stationary-bar case. Both sets of lobes agree well with results from their respective time-domain simulations. In the figure, the ratio of the tangential stability limit, for a stationary bar relative to a rotating bar, is about 10. This is different from the factor of 1.7 or 6 ͑for the cases with tan ␤ϭ1.5 and 6, respectively͒ observed in the case of Section 4 based on a linear force model. This difference highlights the importance of process nonlinearity-the nonlinear relationship between K C and d-when determining the actual limiting depth of cut, as opposed to the limiting cutting stiffness the latter of which hides within it the force coefficient nonlinearities.
Process Damping.
It is well known that process damping can have an important effect that serves to increase machining stability at low surface speeds ͓1,4,26͔. To assess the qualitative effect that process damping would have on the analytical results, the process damping force was modeled to be proportional to the tool vibration velocity in the radial direction, and inversely proportional to spindle speed. Including process damping for the case of ϭ0, the process force in the rotating coordinates, the righthand side of Eq. ͑6͒, becomes (16) where c d is the process damping coefficient and is the direction of the process damping force, which is assumed to be the same as that of the machining force F ͑i.e., ϭ␤͒. The s q 2 term arises for the same reason it shows up in the off-diagonal terms of the stiffness matrix in Eq. ͑6͒. Although process damping has been studied in the literature and written in such a form as that in Eq. ͑16͒, it is still not well understood, and requires further research ͓27͔. Thus, process damping is presented in only some of the analytical solutions as a possible explanation for the differences seen between the analytical results using the linearized process force model and the experimental data.
Experimental Setup.
The objective of the experiments was to validate the difference seen in the predicted stability limits for rotating-bar boring as compared to stationary-bar boring, as was shown in Sec. 4. A Lodge and Shipley CNC lathe was used with a Kistler dynamometer ͑for force model calibration͒ mounted on the turret. A microphone ͑model 4165 by B & K with preamplifier type 2669 and amplifier type 5935͒ was affixed to the turret for chatter determination. The microphone bandwidth is 20 kHz; the amplifier gain was set to 20. The tooling consisted of a BB-1 straight shank bar, an RBN-12P head, and SPG-322 inserts by Valenite. The workpiece material was 6061-T6 aluminum. For rotating-bar boring, the tool is fixed on the chuck and the workpiece is mounted on the dynamometer. For stationary-bar boring, the tool and workpiece positions are switched.
Parameter Identification.
Force calibration is conducted using the setup of stationary-bar boring with the overhung length of the boring bar kept as short ͑rigid͒ as possible to minimize deflections. Combinations of several cutting speeds (V), feeds ͑f͒, and depths of cut ͑d͒ make up the experimental design. Based on the measured force data presented by Li ͓19͔, the following force coefficients models are fit to the data:
Both R 2 values were above 0.98. The boring bar has a length of 94 mm ͑3.7 in͒ and a diameter of 25.4 mm ͑1 in͒. Its dynamic characteristics, obtained through modal testing for both the rotating-bar and stationary-bar configurations, are listed in Table 2 . The presence of instability/chatter is indicated by observing, in the power spectrum of the microphone signal, a frequency peak ͑chatter frequency͒ that is close to the boring bar's natural frequency, and is further confirmed by inspection of the machined surface. A 10 dB threshold, in terms of the magnitude of the chatter frequency peak, was used to indicate instability ͓19͔.
Results.
Due to the speed limitation of the CNC lathe ͑3000 rpm͒ as compared to the natural frequencies of the boring bar, all validation tests occur in the low to medium spindle speed range. In this speed range, because the stability lobes are closely spaced resulting in very narrow and low peaks, only the tangential stability limit is of interest. The experiments were conducted by running a test at each of several depths of cut for a number of different spindle speeds while recording the microphone signals to later confirm the stability condition. Figure 7 shows the experimental results plotted with the tangential stability limits that are predicted using the rotating-bar dynamic characteristics in Table 2 and the force model coefficients of Eq. ͑17͒. The experimental results indicate a nearvertical stability borderline between 1300 rpm and 1400 rpm. Above 1400 rpm the stability borderline continues in an approximately horizontal fashion ͑approximated by the dashed line͒ somewhere below the minimum depth of cut that can be achieved with a reasonably low influence of noise on the results, that being 0.254 mm ͑0.010 in.͒.
One of the rotating-bar analytical solutions shown in Fig. 7 exhibits two results for speeds below 30.6 rpm ͑the stable region is enclosed by these boundaries͒. This small region of stability, . This nonmonotonic behavior of K r,e is conceivable in that while the total force is decreasing as the depth of cut decreases, the radial force component is becoming a larger percent of that total force. Other tests indicate that this nonmonotonic behavior does not occur while machining a cast iron with the same tool geometry ͑corner radius͒, in which case only one analytical solution exists for any specific speed. One of the caveats to running stability tests at low speeds is the presence of process damping, which at present is difficult to model. The discrepancy between the experimental and analytical borderline in Fig. 7 may therefore be a result of process damping. The analytical stability borderline for c d in Eq. ͑16͒ being set arbitrarily to 0.12, which is labeled in Fig. 7 as the one that includes process damping, shows quantitative agreement at speeds higher than 1400 rpm. At lower speeds, the process damping lifts the analytical stability borderline so that it exhibits qualitative characteristics closer to the experimental results-the borderline is not nearly vertical, but does lift rapidly with the process damping model. Process damping also reduces or eliminates the region of multiple solutions.
The most important aspect of Fig. 7 is the fact that when the same ͑rotating-bar͒ dynamic characteristics are used in the stationary-bar solution, unstable machining clearly exists at speeds above 1400 rpm at depths of cut far below the stationarybar prediction. This is further demonstrated in Fig. 8 , which compares the analytical stability solution, computed using the stationary-bar dynamic characteristics in Table 2 , and the experimental data obtained with the stationary bar. In this case, stable machining clearly exists above the rotating-bar prediction ͑using the same dynamic characteristics and no process damping͒. Unfortunately, depths of cut above about 3 mm cannot be achieved in order to quantitatively validate the stationary-bar prediction in this case. However, the goal of demonstrating a large difference between stationary-bar and rotating-bar boring is achieved in the experiments and is demonstrated further with the two analytical solutions.
As a final observation from Fig. 8 , while the analytical stability solution for rotating-bar boring becomes higher at low spindle speeds, the stationary-bar solution becomes lower at low speeds.
Noting that process damping is not the cause of the rotating-bar solution increase in this case, this graph shows how the two solutions approach each other as the speed approaches zero, as expected. The decrease in the stationary-bar solution that occurs as speed is reduced is a result of the dependence of the force coefficients on cutting speed, per Eq. ͑17͒.
Summary and Conclusions
Most traditional analyses of boring have considered a stationary-bar process. However, many boring processes employ a rotating bar, such as engine cylinder boring and line boring for crankshaft and camshaft bores, the latter application being the motivation for this work. In this paper a 2-D process model was formulated in the rotational coordinates while making some simplifications toward focusing on tool rotation effects. Specifically, the structure was represented with a lumped-mass model that accounted for rotational effects and the process force was represented with a linear force model that does not consider the effect of tool corner radius and the size effect nonlinearity often included in such models. The model was used to realize an exact stability solution for rotating-bar boring.
The analysis results lead to the following conclusions:
1 By accounting for rotation of the compliant tool, it is clear that there is a substantial difference in stability between rotatingbar and stationary-bar boring for typical situations, i.e., those where the tangential force is greater than the radial force.
2 By conducting the analysis in the rotational coordinates, an exact solution is achievable, which differs from the approximate solution derived in the stationary inertial coordinates, especially at low to moderate speeds.
3 If low-speed results are of interest, for instance when machining hard materials that require lower surface speeds, the analysis should be conducted in the rotating coordinates. Conducting the approximate analysis in the inertial coordinates would require a multi-frequency solution to eliminate large errors at low speeds, which, though achievable, requires an additional ͑com-pound͒ and more complex iteration scheme.
4 At moderate speeds and higher, the approximate solution approach provides a good prediction, from a practical perspective, for the tangential stability limit.
5 The advantages of conducting the analysis in the rotational coordinates, and therefore achieving an exact solution, outweighs the complexities of speed dependence and coupling that are introduced into the structural model. Realizing these advantages is possible only for cases of non-intermittent machining where rotation is the only potential source of time variation.
Section 5 presents a comprehensive nonlinear machining force model for comparison to experimental data for which process nonlinearities are inherent. The experimental results show that the experimental stability charts for both rotating-bar and stationarybar boring show good qualitative agreement with the corresponding analytical solutions when attention is given to the process damping that is known to be present at low speeds. The experimental data, more importantly, confirms that rotating-bar boring has much lower stability. In addition, multiple solutions may arise due to realistic effects of process geometry and force model nonlinearity. This occurrence is quite interesting and is definitely worthy of a more basic and focused study in the future.
where a S and a L are the uncut chip areas that result when the depth of cut is small or large, respectively, relative to r (1 Ϫsin r ). The functions g 1 and g 2 are nonlinear functions of the bracketed parameters, r being the tool lead angle. In this work, since k t and k r are nonlinear functions of depth of cut, which is state-variable dependent, the complete force expression must be linearized. To make use of the rotational process-geometry transformation that leads to Eq. ͑A2a͒, the equivalent feed f * and depth of cut d * should be used in Eq. ͑A1͒, instead of f and d. The equivalent feed f * is the distance from the tool position one revolution ago to the current tool position, including tool displacements, while the equivalent depth of cut d * is, by definition, in the direction perpendicular to f * ͓25͔. The forces predicted in this manner are in the ''equivalent'' ͑ * ͒ directions and so must then be projected back to the e r and e t directions.
The linearized process force expressions that result are where '"' is again 'r' or 't', k ",e ϭc "0 f c"1 d e c"2 V c"3 , a e ϭ f ͓d e ϩ(c "2 ϩ1)q r,e ͔, d e and q r,e are the equilibrium depth of cut and radial displacement, respectively, and c ϭr (1Ϫsin r )/cos r . Shifting the reference position to the equilibrium position in the equation of motion, the constant term a e in the brace is cancelled and Eqs. ͑A3͒ and ͑A4͒ can be rewritten as F " ϭϪk ",e ͑ c "2 ϩ1 ͒͑ k 0 q r ͑ t ͒Ϫk Ϫ1 q r ͑ tϪT ͒͒,
where k 0 and k Ϫ1 are the corresponding coefficients in Eqs. ͑A3͒ or ͑A4͒. From Eq. ͑A5͒, the resultant cutting force and its direction are •k 0 is termed the cutting stiffness and the overlap factor is ϭk Ϫ1 /k 0 . The parameters K C and ␤ are both nonlinear functions of the stability limit itself, i.e., the limiting equilibrium depth of cut. While the empirical form of Eq. ͑A1͒ is suitable for the small depth case, it would introduce slight error in the large depth case since there is no effect of lead angle in Eq. ͑A1͒. This discrepancy should be small under light depths of cut ͑typically in line boring͒ and is therefore neglected in this paper. The lead angle effect at larger depths of cut could be studied in future work by treating k t and k r as functions of an equivalent/average uncut chip thickness and width of cut, instead of f and d.
